Abstract. In this note we present the following characterizations of finite abelian and minimal nonabelian groups: (i) A group G is abelian if and only if G ′ = Φ(G) ′ . (ii) A group G is either abelian or minimal nonabelian if and only if Φ(G) ′ = H ′ for all maximal subgroups H of G. We also prove a number of related results.
If G is abelian, then G ′ = Φ(G)
′ and it appears that this property characterizes abelian groups (Theorem 1). If G is either abelian or minimal nonabelian, then H ′ = Φ(G) ′ , and Theorem 3 shows that this property is characteristic for groups all of whose maximal subgroups are abelian.
Let Γ 1 (Γ n 1 )) be the set of maximal (nonnormal maximal) subgroups of a group G. A group G is not nilpotent if and only it the set Γ n 1 is not empty (Lemma J(d)).
In Lemma J we collected most known results cited in what follows so that our note is self contained modulo Lemma J.
Lemma J. Let G be a finite group. 
, where π(G) is the set of prime divisors of the order of G.
Let us prove Lemma J(a). Since Φ(P ) ≤ D = Φ(G) ∩ P (Lemma J(f)), it suffices to prove the reverse implication. To this end, one may assume that
Let us prove Lemma J(i). Take x, y ∈ G. Since G is of class 2, we have
Theorem 1. The following conditions for a group G are equivalent:
Proof. Obviously, (b) ⇒ (a) so it remains to prove the reverse implication. We have
Equality (1) follows from Lemma J(a) and (2), (3) are known consequences of (1). Since Φ(G) ′ = G ′ , it follows from (2) and (3) that Φ(P i ) ′ = P ′ i so P i satisfies the hypothesis for i = 1, . . . , k. To complete the proof, it suffices to show that P i is abelian for i = 1, . . . , k, so one may assume that k = 1, i.e., G is a p-group. Assume that G is nonabelian of the least possible order. We get
whence the nonabelian group G/R satisfies the hypothesis so we must have R = {1}, by induction. In that case, |Φ(G) 
Below we consider the extreme case when Φ(G)
Theorem 3. The following assertions for a group G are equivalent:
Proof. Obviously, (b) ⇒ (a). Therefore, it remains to prove the reverse implication. In what follows one may assume that G is nonabelian.
(
is abelian, then all maximal subgroups of G are also abelian, by hypothesis, and G is minimal nonabelian so (b) holds. Next we assume that Φ(G) ′ > {1}; then all members of the set Γ 1 are nonabelian. Assume, in addition that G is a p-group. Let R < Φ(G)
′ be G-invariant of index p and setḠ = G/R; then Φ(Ḡ) is nonabelian and |Φ(Ḡ)
In what follows we assume that G is not a prime-power group. Write
, by hypothesis. Therefore, all maximal subgroups of G/T are abelian so G/T is either abelian or minimal nonabelian. As in (i), we may assume that Φ(G) is nonabelian.
(ii) Suppose that G is nilpotent; then G = P 1 × · · · × P k , where P i ∈ Syl pi (G), i = 1, . . . , k, k > 1. It follows from (2) and (3) which are true for any nilpotent group that Φ(P i ) ′ = H ′ i for all maximal subgroups H i of P i so P i is either abelian or minimal nonabelian, by (i). Then Φ(P i ) is abelian for all i so that Φ(G) is abelian, in view of (1), contrary to the assumption. Thus, the theorem is true provided G is nilpotent. Next we assume that G is not nilpotent. In that case, by Lemma J(d), G/T is nonnilpotent.
(iii) It remains to consider the case where G/T is minimal nonabelian and nonnilpotent. It follows from the structure of G/T (Lemma J(c)) that Φ(G/T ) = Φ(G)/T is cyclic. Remembering that Φ(G) is nilpotent and T = Φ(G) ′ , we conclude that Φ(G) is cyclic (Lemma J(e)) so abelian, a final contradiction.
Corollary 4. Suppose that a group G is neither abelian nor minimal nonabelian. Then there exists a nonabelian H ∈ Γ 1 such that Φ(G)
′ < H ′ .
Proof. We have Φ(G)
is nonabelian (take a nonabelian H ∈ Γ 1 ) so the set Γ 1 has no abelian members. In that case, Φ(G)
for all H ∈ Γ 1 , by hypothesis, so that G is minimal nonabelian (Theorem 3), contrary to the hypothesis.
We claim that the following conditions for a group G are equivalent: (a)
(a) ⇔ (b) and (b) ⇒ (c). Next, (b) follows from (c), by Lemma J(h).
Below we use some known results on Frobenius groups (see [6, §10.2] ). Recall that G is said to be a Frobenius group if there is a non-identity H < G such that H ∩ H x = {1} for all x ∈ G − H. In that case, G = H · N is a semidirect product with kernel N , Sylow subgroups of H are either cyclic or generalized quaternion.
Lemma 5. The following conditions for a nonnilpotent group G are equivalent:
(a) All members of the set Γ n 1 are abelian.
Proof. If U, V are two distinct abelian maximal subgroups of a nonabelian group G, then U ∩ V = Z(G).
Suppose that G satisfies condition (a). Given
, by the previous paragraph. SetḠ = G/ Z(G); thenḠ =H ·Q 1 is a Frobenius group with kernelQ 1 and complementH. SinceH is abelian, it is cyclic. There is inQ 1 anH-invariant Sylow subgroup, by Sylow's theorem. Therefore, sinceH is maximal inḠ, the subgroupQ 1 is a p-group; moreover,Q 1 is a minimal normal subgroup ofḠ so it is elementary abelian. All nonnormal maximal subgroups ofḠ are conjugate withH (Schur-Zassenhaus) so all members of the set Γ Proof. Suppose thatḠ = G/Φ(G) ′ is as in Lemma 5(b) andH is a nonnormal maximal subgroup ofḠ; thenH is cyclic, by hypothesis, so
′ and whence G satisfies the hypothesis. Now suppose that Φ(G)
′ are abelian so it is as in Lemma 5(b).
Proposition 7. Suppose that a nonnilpotent group G is not minimal nonabelian and such that
The set Γ 1 consists of two conjugacy classes of subgroups with representatives H and Q.
Proof. By hypothesis, all maximal subgroups of G/Φ(G) are abelian so it is nonnilpotent and minimal nonabelian, by Lemma J(d,c), and (c) is proven. It follows that the set Γ 1 is the union of two conjugacy classes of subgroups. We have Φ(G/Φ(G)) = {1} so that |G/Φ(G)| = pq b , where a subgroup of order p is not normal in G/Φ(G) (Lemma J(b,c) ). By hypothesis, the set Γ 1 has a nonabelian member so Φ(G) > {1}. By Lemma J(g), π(G) = π(G/Φ(G)) = {p, q}. By Lemma J(f), Q ∈ Syl q (G) is normal in G. We have G = P · Q, where P ∈ Syl p (G). By Lemma J(a), Φ(Q) = Q ∩ Φ(G). By the above, Φ(G) = P 1 × Φ(Q), where P 1 is a maximal subgroup of P . The subgroup H = P Φ(Q) ∈ Γ 1 and all nonnormal maximal subgroups of G are conjugate in G (see the second sentence of this paragraph). Since P 1 Q/Q is the unique normal maximal subgroup of G/Q, it follows that G/Q ∼ = P is cyclic.
As above,
′ = H ′ so that H is also abelian. It follows that G is minimal nonabelian, contrary to the hypothesis. Thus, P 1 = {1} so that |P | = p and Q ∈ Γ 1 . This completes the proof of (a). By Lemma J(a), Φ(G) = Φ(Q).
Since Q, the unique normal maximal subgroup of G, has index p in G, it follows that P G = G, and the proof of (b) is complete. Suppose that H ′ < Φ(G). Then H is abelian, by hypothesis. In that case,
, and we conclude that G is minimal nonnilpotent since G/Φ(G) is minimal nonabelian. The proof of (d) is complete.
Assume that Φ(Q)(= Φ(G)) is abelian and G is not minimal nonnilpotent. Then, by (d), H = P Φ(Q) is nonabelian so H ′ = Φ(Q), by hypothesis. In that case, by Lemma J(j), N H (P ) = P so that H is a Frobenius group since |P | = p. Since G/Φ(Q) is a Frobenius group, it follows that G is also a Frobenius group. This completes the proof of (e) and thereby the proposition.
Let a nonabelian group G be such that H ′ = Φ(H) for all nonabelian H ≤ G. Then G has no minimal nonnilpotent subgroups, by Lemma J(d). It follows that G is nilpotent. Let A ≤ G be minimal nonabelian. Then A is a p-subgroup for some prime p and A ′ = Φ(A) has order p and index p 2 in A (Lemma J(b)) so that |A| = |A ′ |p 2 = p 3 . Suppose that P ∈ Syl 2 (G) is nonabelian. Then P is among the 2-groups described in [8] (see also [5, §90] ). Now suppose that G = Q×H, where Q ∈ Syl q (G) is nonabelian and H > {1}. Assume that Z ≤ H is cyclic of order p 2 . Then the subgroup K = Q × Z does not satisfy the hypothesis since Φ(Z) ≤ K ′ and Φ(Z) ≤ Φ(K). Thus, either G is a prime power or G = Q × H, where Q ∈ Syl q (G) is nonabelian and exp(H) > 1 is square free. It follows that if H is also nonabelian, then exp(Q) = q and we conclude that q > 2. 
